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We investigate quantum chromodynamics with two colors at nonvanishing density using Dyson-
Schwinger equations. Lattice methods do not have a complex action problem in this theory. Thus, we
can benchmark our results and the effect of truncations directly by comparing with the corresponding
lattice results. We do so for the gluon propagator, the chiral condensate and the quark number
density and test variations of the employed truncation to improve the agreement. Finally, we
compare the effect of a truncation on the chiral and confinement/deconfinement transitions in the
phase diagrams of QCD and QCD with the gauge groups SU(2) and G2.
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I. INTRODUCTION
Strongly interacting matter possesses a rich phase struc-
ture. At vanishing chemical potential, there is a crossover
from a hadron dominated phase at low temperatures to
the so-called quark-gluon plasma phase at high temper-
atures. This is well-established, for example, by lat-
tice simulations [1–4]. Switching on a chemical poten-
tial, though, the picture becomes less clear. The oth-
erwise successful method of Monte Carlo lattice simu-
lations faces a complex action problem that currently
restricts calculations to a baryon chemical potential of
µB . 2T [5].
In that regime, no critical endpoint has been found by lat-
tice simulations and it is up to other methods to explore
the regime beyond that. For cold and dense strongly in-
teracting matter a rich phase structure is expected, but
the details are still not clear besides that at high enough
densities a color superconducting phase will appear [6–
12].
Thus, to explore high densities, alternative approaches
to lattice simulations are required. One such method are
functional equations; for general reviews see, e.g., [13–
25], and for their application to the phase diagram of
quantum chromodynamics (QCD), e.g., [26–44].
They provide access to the full phase diagram but two
things need to be dealt with. First, from a technical point
of view, nonvanishing density and temperature compli-
cate the equations due to the loss of manifest Lorentz
invariance. Second, being exact equations, they can only
be solved once approximations are made because they
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form an infinitely large system of equations. In the vac-
uum, several studies indicate that the system has fa-
vorable convergence properties [25, 45–49]. However, in
the medium the corresponding level of truncation is not
reached yet, and once it is, it is not guaranteed that the
convergence properties remain the same. Thus, for the
time being, calculations in the medium operate at a more
basic level involving phenomenological models for inter-
actions.
At vanishing chemical potential, ’intermediate’ (gauge
dependent) results, like propagators and vertices, as well
as ’final’ (gauge invariant) results, like condensates, of
functional equations can be compared against results
from lattice calculations. Thus, truncations can be as-
sessed directly. At nonvanishing density, the possibilities
for such comparisons are very limited. One way is to
switch to a theory which does not suffer from a complex
action problem. This is the path we follow here. We will
solve Dyson-Schwinger equations (DSEs) of QC2D [50],
which is QCD with the gauge group SU(2) instead of
SU(3). For an even number of quark families it has no
complex action problem. Lattice calculations were per-
formed for this theory [51–59] and we will compare results
for the gluon propagator, the quark number density and
the chiral condensate. QC2D was also investigated with
various continuum methods, e.g., [60–68]. Furthermore,
it has attracted attention [69–75] as a potential theory
for a composite Higgs in the context of technicolor [76].
A second alternative to QCD is QCD with the gauge
group G2 for which lattice simulations do not have a sign
problem either [77, 78]. We will also consider this theory
shortly in Sec. III where we compare the phase diagrams
of QCD and the two QCD-like theories with respect to
chiral symmetry and confinement.
The spectrum of QC2D differs from real QCD as it does
not have fermionic baryons. Instead, it contains color-
ar
X
iv
:1
90
9.
12
79
6v
1 
 [h
ep
-p
h]
  2
7 S
ep
 20
19
2=
− 1
−
− 1
FIG. 1. Quark propagator DSE. Quantities with a blob are
fully dressed, as are internal propagators. Continuous/wiggly
lines denote quarks/gluons.
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FIG. 2. The gluon propagator DSE is split into a quenched
part (gray blob) and the quark loop. The former is deter-
mined from quenched lattice results.
neutral diquarks which can condense and lead to the
existence of a transition from a Bose-Einstein conden-
sate (BEC) to a Bardeen-Cooper-Schrieffer (BCS) phase.
Diquarks can be taken into account with the Nambu-
Gor’kov formalism [11]. We will not include diquarks at
this point as this would increase the complexity of the
calculations. We will, however, come back to them in
Sec. IV and shortly touch upon their impact on our cal-
culations. Calculations with diquarks and a similar setup
can be found in Ref. [65].
In the next section we detail our setup. The results are
presented in Sec. III and we summarize in Sec. IV.
II. SETUP
We solve the gluon and quark propagator DSEs using a
model for the quark-gluon vertex and lattice input for the
quenched gluon propagators. The equations are shown in
Figs. 1 and 2. As is made explicit in Fig. 2, the quark
loop is split off in the gluon propagator DSE. We approx-
imate the rest by quenched lattice results and calculate
the quark loop explicitly. This approximation, developed
in a series of works [31, 79, 80], neglects only indirect
quark contributions, but the obvious advantage is that
neither gluonic vertices are required nor two-loop contri-
butions need to be calculated, both of which are quan-
titatively relevant [25, 48]. This particular truncation
was already used for calculations of the Nf = 2 [29–31],
Nf = 2+1 [30, 36] and Nf = 2+1+1 [36] QCD phase dia-
grams, of baryon number fluctuations [41] and of mesons
at nonvanishing chemical potential [42].
The quark propagator DSE reads
S−1(p) = Z2S−10 (p) + Z1FCF g
2
∑∫
q
γµS(q)Γν(p− q;−p, q)Dµν(p− q) (1)
with the momenta p = (~p, p4) and q = (~q, q4). The
quark and gluon propagators have Matsubara frequen-
cies p4 = (2np + 1)piT and p4 = 2nppiT , respectively,
with np ∈ Z. The integration and Matsubara sum-
mation are abbreviated as
∑∫
q
≡ T∑nq∈Z ∫ d3~q / (2pi)3.
CF = (N
2
c − 1)/(2Nc) is the quadratic Casimir of the
fundamental representation. S(p) is the full quark prop-
agator parameterized as
S−1(p) = i~p~γA(p) + i(p4 + i µ)γ4C(p)
+B(p) + ip4γ4~p~γD(p). (2)
In our calculations we set D(p) = 0. At vanishing density
we tested its quantitative influence and found at most
a change of the order of 0.0001 on the other dressing
functions [67]. S−10 (p) = i~p~γ+ i(p4 + i µ)γ4 +Zmm is the
inverse bare quark propagator where Zm and Z2 are the
quark mass and wave function renormalization constants,
respectively. m is the renormalized current quark mass
at the renormalization point. Finally, Z1F is the quark-
gluon vertex renormalization constant for which we use
Z1F = Z2Z˜1/Z˜3. Z˜1 is the renormalization constant of
the ghost-gluon vertex which is finite in Landau gauge
[81] and we choose it as 1.
The quark-gluon vertex is approximated by the following
model [80]:
Γν(q; p, l) = Z˜3γµΓmod(x)
×
(
A(p2) +A(l2)
2
δµ,i +
C(p2) + C(l2)
2
δµ,4
)
, (3)
Γmod(x) =
d1
(x+ d2)
+
x
Λ2 + x
(
α(µ)β0
4pi
ln
( x
Λ2
+ 1
))2δ
. (4)
p and l are the antiquark and quark momenta, respec-
tively, and q is the gluon momentum. x depends on the
equation in which the vertex model is used. This is nec-
essary to maintain multiplicative renormalizability with
this model [82]. x is (p2 + l2) in the gluon propagator
DSE and q2 in the quark propagator DSE. The function
Γmod(x) contains the logarithmic running in the pertur-
bative regime. Its strength in the IR is determined by
the value of the parameter d1. Λ and α(µ) are fit pa-
rameters taken from the gluon propagator fit, see below.
The parameter d2 is fixed at 0.5 GeV
2. δ is the one-loop
3anomalous dimension of the ghost propagator given by
δ = −9Nc/(44Nc−8Nf ) and β0 = (11Nc−2Nf )/3 is the
lowest coefficient of the QCD beta function. The model
has twice the anomalous dimension of the quark-gluon
vertex which is necessary to obtain the correct anoma-
lous dimensions of the propagators [82] without including
higher loop contributions [25, 83]. An implicit temper-
ature and chemical potential dependence enters via the
quark propagator dressing functions A(p2) and C(p2).
The gluon propagator DSE reads
D−1µν (p) =
[
DYMµν (p)
]−1 − g2
2
NfZ1F
∑∫
q
Tr [γµ S(p+ q) Γν(−p;−q, p+ q)S(q)] . (5)
DYMµν contains all gluonic diagrams. In the medium, the
propagator splits into parts transverse and longitudinal
with respect to the heat bath,
Dµν(p) =DL,µν(p) +DT,µν(p)
=PLµν(p)
ZL(p
2)
p2
+ PTµν(p)
ZT (p
2)
p2
, (6)
with
PTµν(p) = (1− δµ4)(1− δν4)
(
δµν − pµpν
~p2
)
, (7)
PLµν(p) = Pµν − PTµν(p), (8)
Pµν = δµν − pµpν
p2
. (9)
For the gluonic part, the dressing functions ZYMT and
ZYML are fitted by [84]
ZYMT/L(p
2) =
x
(x+ 1)2
((
c/Λ2
x+ aT/L
)bT/L
+
x
(
α(µ)β0
4pi
ln(x+ 1)
)γ )
(10)
with x = p2/Λ2. We only fit the lowest Matsub-
ara frequency and use for higher Matsubara frequencies
ZYMT/L(~p
2, p24) = Z
YM
T/L(~p
2 + p24, 0), which is a good approx-
imation according to lattice results [84]. The parameters
are c = 11.5 GeV2 and Λ = 1.4 GeV. α(µ) = g2/4pi = 0.3
is used throughout all calculations. The fits also set the
scale in our calculations. γ = (−13Nc + 4Nf )/(22Nc −
4Nf ) is the one-loop anomalous dimension of the gluon
propagator.
Temperature dependence enters via the fit parameters
aT/L and bT/L. They are fitted to the lattice results of
refs. [84, 85]. To have a smooth behavior and access to
all temperatures, the parameters are fitted in terms of
t = TTc [67]:
aT =
 0.46 ≥ t : 1.41 + 0.43t1 ≥ t ≥ 0.46 : 1.52 + 0.20tt ≥ 1 : 3.60− 1.88t (11)
bT =
 0.49 ≥ t : 2.20 + 0.07t1 ≥ t ≥ 0.49 : 2.43− 0.40tt ≥ 1 : 2.32− 0.29t (12)
aL =
 0.53 ≥ t : 1.41− 2.09t1 ≥ t ≥ 0.53 : 0.89− 1.51t+ 0.77t2t ≥ 1 : −8.16 + 8.31t (13)
bL =
 0.52 ≥ t : 2.20− 1.82t1 ≥ t ≥ 0.52 : 1.22 + 0.10t− 0.05t2t ≥ 1 : −1.48 + 2.75t (14)
III. RESULTS
In this section we present our results for various quanti-
ties. One of the main findings is that a straightforward
extension of the µ = 0 setup does not lead to a satis-
factory comparison with lattice results at nonvanishing
chemical potential. We argue that the quark-gluon ver-
tex is to be blamed for that and present calculations that
corroborate this.
For our calculations several setups for the parameters are
used which are listed in Tab. I. We explain the specific
choices below where they are used for the first time. Re-
sults along the chemical potential axis were calculated at
a temperature of 47 MeV.
A. Gluon propagator
The truncation employed in this work takes into account
gluonic effects by unquenching the gluon propagator ex-
plicitly. The effect of finite density on the gluon propaga-
tor can thus be studied. We start with setup I of Tab. I
where the IR strength of the vertex d1 is fixed such that
we get close to the zero chemical potential gluon propa-
gators observed in Ref. [59]. The pion mass in the lattice
calculations was quite heavy with mpi = 717 MeV. With
the Gell-Mann–Oakes–Renner relation we can at least
estimate the corresponding quark mass for which we use
188 MeV.
When solving the gluon propagator DSE, a renormaliza-
tion of quadratic divergences is needed. Very often, a
generalization of the Brown-Pennington projector is em-
ployed. Here, in order to compare with lattice results, for
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FIG. 3. Left/Right: Longitudinal/Transverse gluon propagators calculated with setup I of Tab. I.
d1 [GeV
2] m [MeV]
I 1.02 188
IIa 15 1.2
IIb 7 35.3
IIc 2.6 70.7
IIIa 1.93 150
IIIb 1.42 175
IIIc 0.92 200
IIId 0.48 225
TABLE I. Different setups that are used in this work. The
renormalization point is in all calculations 80 GeV. The pa-
rameters are fixed as follows: I: Reproduction of gluon prop-
agator at µ = 0. II: Variations of quark mass and d1 fixed
such that Tc = 210 MeV at µ = 0. III: Variations of quark
mass and d1 fixed such that µc = 650 MeV at T ≈ 0.
setup I we use a mass counter term Csub/p
2 which is fixed
by a second renormalization condition [25, 48, 86, 87].
The resulting longitudinal gluon propagators are shown
in Fig. 3. As one can see in the comparison to lattice
results, the agreement down to 1 GeV is satisfactory.
Interesting quantities to monitor the reaction of the prop-
agators on external parameters like temperature or chem-
ical potential are the longitudinal and transverse screen-
ing masses, mL and mT , respectively. They are defined
as
mL/T =
1√
DL/T (0)
, (15)
where DL/T (p
2) is the scalar part of the correspond-
ing propagators. It should be noted that these screen-
ing masses are in general not the same as pole masses,
which not even need to exist. Of particular interest
is the longitudinal screening mass which shows a dis-
tinct temperature dependence at zero chemical potential
[59, 84, 85, 88, 89]. With the truncation employed here,
the transverse screening mass is completely determined
by Eq. (10) and independent of µ, because the quark-loop
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FIG. 4. Left: Transverse screening mass which is the same
for all parameter setups. Lattice results are from Ref. [59].
contribution vanishes at zero momentum in this case.
The transverse screening mass is shown in Fig. 4. The
constant transverse screening mass appears to be an ac-
ceptable approximation when compared with the lattice
data [59] where no dependence on the chemical potential
is seen within statistical and systematic uncertainties. In
general, the small reaction of the gluon propagator to
chemical potential as seen on the lattice [59] offers the
interesting possibility of approximating the gluon prop-
agator as independent of chemical potential and second
provides a test on the truncation: Is the obtained gluon
propagator sufficiently insensitive to chemical potential?
We will come back to this below.
We calculate the longitudinal screening mass in two se-
tups. We vary the quark masses and fix d1 such that the
chiral crossover transition at zero chemical potential is
at 210 MeV. This corresponds to setup II in Tab. I. The
resulting longitudinal screening mass is shown in the left
plot of Fig. 5. For the lowest quark mass, m = 1.2 MeV,
we find a first order transition between µ = 250 MeV
and 300 MeV shown in the right plot of Fig. 5. Increas-
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FIG. 5. Left/Right: Longitudinal screening mass calculated with setups II/III of Tab. I.
ing the quark mass moves the transition to higher values
of the chemical potential and smooths it to a crossover.
However, the lattice results do not show a transition in
the screening mass in this region at all. The silverblaze
point, where a first order transition occurs, is located
in this interval, but it is not reflected in the screening
masses [59].
A physically better choice for fixing d1 is to use a con-
dition from the chemical potential axis. Lattice results
indicate that the longitudinal screening masses start to
increase at roughly 650 MeV. This is setup III in Tab. I.
However, whether this increase really happens is not fi-
nally settled [59]. Nevertheless we want to see if we can
push the transition to higher chemical potential. Thus
we vary the quark masses again and fix d1 such that the
increase starts at µ = 650 MeV. Note that in this case
the quark masses are considerably higher and the setup
would lead to a totally different crossover line between
the hadronic regime and the quark-gluon plasma. How-
ever, there is anyway no reason to expect that the vertex
is independent of temperature and chemical potential, so
having a different d1 at low temperatures is to be ex-
pected. Also for real QCD it was seen that fixing d1 via
the pion in the vacuum or via the transition temperature
at µ = 0 yields different values [36].
The results for the longitudinal screening mass for setup
III are shown in the right plot of Fig. 5. Increasing the
quark mass lowers the steepness of the increase after the
transition. In addition, the screening mass below the
transition flattens.
As mentioned above, it is not settled if the rise of the
longitudinal screening mass is genuine. However, from
our results we see that variations of the quark-gluon ver-
tex strength with temperature and/or chemical potential
allow to describe quite different scenarios.
B. Chiral condensate
The chiral condensate is a standard quantity to test for
the breaking of chiral symmetry and thus to distinguish
corresponding phases. It can be calculated from the
quark propagator as〈
ψψ
〉
= −NcZ2Zm
∑∫
q
Tr[S(q)]
= −NcZ2Zm
∑
q4
∫
d3q
(2pi)3
4T B(q)
A2(q)~q2 + C2(q)q24 +B
2(q)
.
(16)
Since this expression is UV divergent, it needs to be
renormalized which is done by subtracting a quark con-
densate with a heavier renormalized mass ms from a con-
densate with a light renormalized mass ml which we take
as the quark mass m in this work:
∆l,h(µ, T ) = −
〈
ψψ
〉
l
+
ml
ms
〈
ψψ
〉
h
. (17)
It is also convenient to normalize this expression by the
vacuum value:
∆˜(µ, T ) =
∆l,h(µ, T )
∆l,h(0, 0)
. (18)
We show results for the chiral condensate and the differ-
ent quark masses of setup II in the left plot of Fig. 6. We
observe the transitions at the same points and of the same
types as for the longitudinal screening masses. We also
tested the impact of the dynamic gluon propagator by
comparing two calculations with a dynamic gluon prop-
agator and with the gluon propagator fixed at µ = 0. In
the right plot of Fig. 6, one can see that the gluon prop-
agator indeed influences the position of the transition.
Since according to lattice results the gluon propagator
seems to be independent of the chemical potential [59],
this should be seen as an indication that the effects of
chemical potential on the dynamic gluon propagator are
too strong in our calculation.
6Dynamic gluon
μ = 0 gluon
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FIG. 6. Chiral transition calculated with setup IIa of Tab. I.
C. Quark number density
Results for the quark number density are shown in Fig. 7.
Setup I was employed, viz., lattice data was used to fix
the parameters. Clearly, also in the quark number den-
sity a transition is seen at µ = 700 MeV.
The quark number density can be calculated from the
quark propagator by
n(µ, T ) = −∂Ω
∂µ
= −NcNf Z2
∑∫
q
Tr[γ4 S(q)], (19)
where Ω is the grand-canonical potential of QCD given
by
Ω = −T
V
logZ(µ, T ). (20)
V is the volume of the system and Z the QCD parti-
tion function. Eq. 19 needs to be regularized which is
done by subtracting a temperature independent term,
see Refs. [37, 41, 90] for details:
nreg(µ, T ) = n(µ, T ) +NcNf Z2
∫
d4q
(2pi)4
Tr[γ4 S(q)].
(21)
D. Phase diagrams
Solving the present system of equations for higher tem-
peratures, we can also investigate the crossover region
and search for a critical point. For comparison, we also
show the same calculations for the gauge groups SU(3)
and G2. To connect to previous work, we use the setup
of Ref. [67] which is detailed in Tab. II. The setup for
SU(2) corresponds to setup IIa of Tab. I. We recall that
the value of the coupling is different for G2 due to the
choice of the gluon propagator, see Ref. [67] for details.
First results for SU(2) and G2 were already shown in
Ref. [91].
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FIG. 7. Quark number density calculated with setup I of
Tab. I. nbare is the quark number density for a bare quark
propagator.
For the confinement/deconfinement transitions the dual
condensate [80, 92, 93] is used, which is an order pa-
rameter for center symmetry in quenched QCD. For the
identification of the chiral transition, the chiral conden-
sate is used. As definition for the transitions we use the
maxima of the following derivatives:
χch =
∂∆l,h
∂T
, (22)
χdec =
∂Σ
∂T
. (23)
The results for the chiral and confinement/deconfinement
transitions are shown in Fig. 8. Clearly, all three theories
show a similar behavior with a crossover from vanish-
ing chemical potential to a critical point at 0.45 GeV <
µB < 0.52 GeV. The lines of the chiral and confine-
ment/deconfinement transitions are very close and merge
at the critical points. Their location is given in Tab. II.
For all three theories a first order transition is found be-
yond the critical points.
IV. SUMMARY, CONCLUSIONS AND
OUTLOOK
We explored the phase diagram of QC2D and compared
various quantities with results from the lattice. The em-
α(µ) d1[GeV
2] m [MeV] (µcepB , T
cep)[GeV]
SU(3) 0.3 7 1.2 (0.495, 0.135)
SU(2) 0.3 15 1.18 (0.516, 0.175)
G2 0.45 6.78 1.2 (0.468, 0.121)
TABLE II. Couplings and quark-gluon vertex IR strength pa-
rameters used for the calculation of Fig. 8 and the resulting
positions of the critical points.
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FIG. 8. Phase diagrams for SU(3), SU(2) and G2. The
dashed lines represent the chiral transitions, the dotted lines
the confinement/deconfinement transitions and the continu-
ous lines beyond the critical points are the spinodal lines of
a first order transition. The employed setups are given in
Tab. II.
ployed truncation, which includes direct unquenching ef-
fects, uses a model for the quark-gluon interaction and
fits for the gluon propagator. For low chemical poten-
tial, the results agree well with those from the lattice.
However, for higher chemical potential we see deviations,
which can be traced back to several sources.
One is related to the gluon propagator, for which we see
a somewhat stronger dependence on chemical potential
than expected from corresponding lattice results. This,
however, can easily be circumvented by using the un-
quenched gluon propagator from µ = 0. This modifica-
tion improves the agreement to some extent but is itself
insufficient. One possible source for these deviations is
the quark-gluon vertex, which contains only a minimal
dependence on temperature and density via the quark
dressing functions in the model. It was observed already
earlier for µ = 0 that the model parameters need to be
changed slightly when describing vacuum physics instead
of the crossover at nonvanishing temperature. Thus, it
does not come as a surprise that a dependence on the
chemical potential is missing as well. To test this, we
demonstrated successfully that a modified IR strength
of the interaction leads to better agreement with lattice
results.
Another reason for deviations from lattice results is that
we did not include diquarks yet, which are expected to
play an important role. However, to get a first idea of
their influence, we show results for the chiral condensate
with and without diquarks in Fig. 9. Not only does the
position of the transition move, also the order changes:
It is second order now. The diquark condensate is shown
in Fig. 10. As expected, it starts to increase at the same
point at which the chiral condensate starts to drop. For
now, the calculation with diquarks has a limited reso-
lution and more work is required, but they should be
included in future work.
In summary, the setup of two-color QCD presents an in-
without diquark
with diquark
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0.75
0.80
0.85
0.90
0.95
1.00
Δ˜(μ)
FIG. 9. The chiral condensate with and without diquark
contributions. The employed setup uses d1 = 10 GeV
2 and
m = 60 MeV.
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FIG. 10. The diquark condensate as a function of chemical
potential.
teresting testbed where we can compare continuum with
lattice methods. Such comparisons are useful to show
the path for future extensions of truncations of functional
equations. In particular since state-of-the-art truncations
are quite demanding, such hints are valuable.
We also calculated the phase diagrams for QCD and QCD
with the gauge group G2 with the same truncation and
found that the truncation behaves very similarly in all
three cases. This hints at a universal behavior which can
be exploited by using QCD-like theories as a guide to
improve truncations for real QCD.
One of the main results of this work is that the inter-
action between quarks and gluons as described by the
quark-gluon vertex needs to be refined for large densi-
ties (and low temperatures) in order to achieve better
precision. However, the vertex is still quite an elusive
object and information about its behavior beyond the
vacuum is scarce. First steps towards such a calcula-
tion were made only recently [94]. On the other hand,
we can directly infer from the lattice results that the
gluon propagator is most likely not what we need to be
concerned with: Its dependence on chemical potential is
8rather small. This is reassuring, because a quantitative
calculation of the propagator requires quite an elaborate
truncation. Thus, at the present level of precision, it is a
convenient workaround to employ the gluon propagator
from lattice calculations.
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